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The Gompertz distribution plays an important role in modeling survival times,
human mortality and actuarial tables. According to the literature, the Gompertz distribution was formulated by Gompertz (1825) to fit mortality tables. Johnson et al.
(1995) and Garg et al. (1970) studied the properties of the Gompertz distribution and
obtained the maximum likelihood estimates for the parameters. Johnson et al (1994)
note that the Gompertz distribution is a truncated extreme value distribution. Gompertz distributions can be viewed as extensions of the exponential distributions because
exponential distributions are limits of sequences of Gompertz distributions. Makeham
(1860) examined the fit to actuarial data provided by the Gompertz distribution and
observed with specific examples that he could improve the fit with the modification
now known as the Gompertz Makeham distribution. Burga et al. (2009) discussed the
stress-strength reliability in Gompertz case.
A random variable X is said to have a Gompertz distribution if its pdf is
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Apply the Marshall Olkin technique to Gompertz distribution we get the distribution function of the Marshall Olkin Gompertz distribution as
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Characteristic Properties
Theorem 0.0.1. Marshall-Olkin Gompertz distribution(MOG) is geometric extreme stable.
Theorem 0.0.2. Let {Xi , i ≥ 1} be a sequence of independent and identically distributed random variables with common survival function F (x)
and N be a geometric random variable with parameter p and P (N =
n) = pq n−1 ; n = 1, 2, ...; 0 < p < 1, q = 1 − p. wich is independent of
{Xi } for all i ≥ 1. Let UN = min Xi . Then {UN } is distributed as
1≤i≤N

MOG if and only if {Xi } is distributed as Gompertz.
Theorem 0.0.3. Consider an AR(1) structure given by
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where 0 ≤ p ≤ 1, {εn } is a sequence of independent and identically
distributed random variables independent of {Xn−1 , Xn−2 , . . . }. Then
{Xn } is a stationary Markovian AR(1) process with MOG marginals if
and only if {εn } is distributed as Gompertz distribution.
Theorem 0.0.4. Consider an AR (1)
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structure given by
q
p(1 − q)

, n ≥ 1.

(2)

(1 − p)(1 − q)

where w.p. means with probability. If q = 0 we get the ordinary process.
where 0 ≤ p ≤ 1, {εn } is a sequence of independent and identically
distributed random variables independent of {Xn−1 , Xn−2 , . . . }. Then
{Xn } is a stationary Markovian AR (1) process with MOG marginals if
and only if {εn } is distributed as Gompertz distribution.
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Estimation of reliability

Let X and Y be two independent random variables following Marshall
Olkin Gompertz distribution with parameters α1 , β, p and α2 , β, p respectively. Then according to Gupta et al (2009) the reliability of the
system given by P (X > Y ) where X is the strength and Y is the stress
is given by
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Let (x1 , . . . , xm ) and (y1 , . . . , yn ) be two independent random samples of sizes m and n from Marshall-Olkin Gompertz distribution with
Marshall-Olkin parameters α1 and α2 , respectively, and common unknown parameters β and p. L is the log likelihood function, then maximum likelihood estimates of the unknown parameters α1 , α2 are the
solutions of the non-linear equations
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= 0 respectively.

By the property of m.l.e for m → ∞, n → ∞, we obtain that
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I11 = 2 and a22 = lim
I22 = 2 . The 95%
m,n→∞ n
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confidence interval for R is given by
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where R̂ = R(α̂1 , α̂2 ) is the estimator of R and
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Data Analysis and Modeling

In this section we analyze a real data set and compare Marshall Olkin
Gompertz distribution with Gompertz distribution. The P-P plots for
the two distributions are given. Estimated values are given. From that
we can conclude that the Marshall Olkin Gompertz distribution is a
better fit.
0.0.3

Simulation Study

We generate N = 1000 sets of X-samples and Y -samples from MarshallOlkin Gompertz distribution with parameters α1 , β, p and α2 , β, p respectively. The combinations of samples of sizes m = 20, 30, 40 and
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n = 20, 30, 40 are considered. The estimates of α1 and α2 are then
obtained from each sample to obtain R̂. The validity of the estimate of
R is discussed by the measures:
1) Average bias of the simulated N estimates of R:
N
1 X
(R̂i − R)
N i=1

2) Average mean square error of the simulated N estimates of R:
N
1 X
(R̂i − R)2
N i=1

3) Average length of the asymptotic 95% confidence intervals of R:
r
N
X
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2(1.96)α̂1i b1i (α̂α1i , α̂α2i )
+
N i=1
m n
4) The coverage pprobability of the N simulated confidence intervals
given by the proportion of such interval that include the parameter
R.
0.0.4

Conclusion

The Gompertz distribution plays an important role in modeling survival times, human mortality and actuarial tables. In this paper as a
generalization of the Gompertz distribution, Marshall Olkin Gompertz
distribution is considered. A three parameter AR(1) process is also con6

sidered. Motivation behind this study is due to the following properties
attained by the probability distribution obtained by applying Marshall
Olkin technique. It gives added flexibility for the underlying model. It
offer a wide range of behavior than the basic distribution from which
they are derived. The property that extended distributions can have an
interesting hazard function depending on the value of the added parameter. It can be used to model real situation in a better manner than
the basic distribution. The geometric minimum stability property of
newly formed distribution can be utilized to develop a stationary process. When X and Y are two independent random variables following
Marshall Olkin Gompertz distribution, then average bias, average mean
square error, average confidence length and coverage probability of the
of the simulated estimates of reliability R is computed. We apply the
models to a real data set and compare Marshall Olkin Gompertz distribution with Gompertz distribution and establishes that Marshall Olkin
Gompertz distribution is a better fit.
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3. Presented a paper on Generalisations of Gompertz distribution and
their applications in time series in the second international conference on Statistics for twenty first century during 21-23 December
2016 organized by Department of Statistics, University of Kerala.
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